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KA¨HLER-EINSTEIN METRICS ON SYMMETRIC GENERAL
ARRANGEMENT VARIETIES
JACOB CABLE
Abstract. We calculate Chow quotients of some families of symmetric T -
varieties. In complexity two we obtain new examples of Ka¨hler-Einstein met-
rics by bounding the symmetric alpha invariant of their orbifold quotients. As
an additional application we determine the homeomorpism class of the orbit
space of the compact torus action.
1. Introduction
In this paper we are interested in finding new Ka¨hler-Einstein metrics on certain
Fano manifolds. Whether or not a manifoldX admits such a metric is characterized
by the algebreo-geometric notion of K-stability, see [1], [2]. An equivariant version
of K-stability has been used in the spherical [3], and complexity-one T -variety [4]
settings to obtain an effective Ka¨hler-Einstein criterion.
Generally, with group actions of complexity greater than one, K-stability is a
difficult condition to check. Another approach is to apply the sufficient criterion of
Tian, [5]. In [6] it was shown that Tian’s criterion reduces to a related problem on
the torus quotient if the original variety admits enough additional symmetries.
In the present paper the examples we consider are general arrangement varieties,
that is they are T -varieties where the torus quotient is a projective space and the
critical values of the quotient map form a general arrangement of hyperplanes in
that projective space. Smooth projective general arrangement varieties of complex-
ity and Picard rank 2 were classified according to their Cox ring in [7]. Following
the methods of [6], we find three new examples of Ka¨hler-Einstein metrics on some
symmetric complexity two general arrangement varieties.
The first examples we are interested in are some hypersurfaces of bidegree (α, β).
Consider the following varieties
X2n−1α,β := V
(
n∑
i=0
xαi y
β
i
)
⊆ Pn × Pn
Let d = gcd(α, β) and a = α/d, b = β/d. There is an effective n-torus action
prescribed by weights (0|bIn|0|−aIn) on the homogeneous coordinates (x, y). Note,
as an aside, that X2n−11,1 is a flag manifold of type (1, n−1), which is known to admit
a Ka¨hler-Einstein metric as a homogeneous manifold, see remarks immediately
preceeeding [8, Theorem 3] for example. By adjunction X2n−1α,β is Fano iff α, β <
n+ 1. When α = 1 then X2n−1α,β is smooth. Our first result is the following:
Theorem 1.1. X51,2 and X
5
1,3 admit T -invariant Ka¨hler-Einstein metrics.
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Note that X51,2, X
5
1,3 appear in the classification of [7] as varieties 4E, 4F respec-
tively. Secondly we consider a blowup of an even dimensional quadric hypersurface.
Consider the following representation:
Q2n := V
(
n∑
i=0
x2ix2i+1
)
⊂ P2n+1
There is a T = (C∗)n+1-action, given by specifying deg x2i = ei+1, deg x2i+1 =
−ei+1 for i = 0, . . . , n. This action is not effective, but we may quotient by the
global stabilizer to obtain an effective action of the torus T ′ = T/(±Id).
Let Zi = V (x2i, x2i+1) ⊂ Q2n for i = 0, . . . , n. Let W 2n be the variety obtained
by iteratively blowing up the strict transforms of these varieties:
W 2n := BlZ˜n BlZ˜n−1 . . .BlZ˜2 BlZ1 Q
2n
In Section 3.2 we show that W 2n is Fano. Our second result is the following:
Theorem 1.2. W 6 admits a T ′-invariant Ka¨hler-Einstein metric.
We will use the following theorem of Tian, involving an invariant αG(X), the
alpha invariant of a Fano manifold X .
Tian’s criterion. Let X be a Fano manifold and G ⊂ Aut(X) reductive group of
symmetries. If
αG(X) >
dim(X)
dim(X) + 1
Then X admits a G-invariant Ka¨hler-Einstein metric.
In the case where G is finite, the alpha invariant coincides with the global log
canonical threshold of X , denoted glctG(X). A proof of this fact can be found
in Demailley’s appendix of [9]. Suppose now X admits an effective action of an
algebraic torus T = (C∗)m ⊂ Aut(X). Let K ∼= (S1)n be the maximal compact
subtorus in T . Given a finite subgroup H of the normalizer NAut(X)(T ), we have
an induced H-action on the character lattice M of T .
Following [10], X is said to be symmetric with respect to the T -action if there
exists such anH which fixes only the identity ofM . Since H normalizes T then they
generate a subgroup HT ⊂ Aut(X). As H and T have trivial intersection this is a
semidirect product of H and T . It can be shown that HT is the complexification of
its maximal compact subgroup HK. Minor adjustments to Demailley’s proof give
us that glctHT (X) = αHT (X) here also.
Let X be a symmetric T -variety. There is a universal quotient pi : X 99K Y by
the torus action, the Chow quotient, first introduced by Kapranov [11]. Since H is
in the normalizer of T then its action descends to Y . In the setting of this paper we
assume that pi is surjective. For any prime divisor Z on Y the generic stabilizer on
a component of pi−1(Z) is a finite abelian group. The maximal order across these
components is denoted mZ . We then obtain a boundary divisor for pi given by:
(1) B :=
∑
Z
mZ − 1
mZ
· Z
We call the pair (Y,B) the Chow quotient pair of the T -variety X . Su¨ß, [6], showed
that the global log canonical threshold of X with respect to HT coincides with that
of the pair (Y,B) with respect to H :
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Theorem 1.3 (Su¨ß, [6, Theorem 1.2]). Let X be a symmetric log terminal Fano
T -variety. Then
glctHT (X) = min{1, glctH(Y,B)}.
To prove Theorems 1.1, 1.2 we would like to apply Theorem 1.3 and then Tian’s
criterion. We begin by calculating Chow quotients. The GIT quotients of X by
T form a finite inverse system, and the inverse limit of this system contains a
distinguished component, known as the limit quotient of X . In [12] it was shown
that this limit quotient and the Chow quotient coincide. For the varieties X2n−1α,β
we use the Kempf-Ness theorem to calculate GIT quotients. The inverse system is
simple enough in this case to then deduce the Chow quotient pair.
For γ ∈ Q define the Q-divisor Bγ := γ
∑
iHi, where H1, . . . , Hn are the coordi-
nate hyperplanes of Pn−1 and H0 is the hyperplane V (
∑n
i=1 zi). In Section 3.1 we
will prove the following:
Lemma 1.4. The Chow quotient pair of X2n−1α,β by T is (P
n−1, Bγ) with γ =
max
(
a−1
a ,
b−1
b
)
.
By [13, Proposition 2.6] this allows us to calculate, as an additional application,
the homeomorphism class of the quotient space Xnα,β/T . For the proof of the
following corollary see Section 3.1.
Corollary 1.5. Let K be the maximal compact torus of T . There is a homeomor-
phism:
X2n−1α,β /K
∼= Sn−1 ∗ Pn−1.
Where the later is the topological join of the (n − 1)-sphere and complex projective
(n− 1)-space.
In particular, this shows that the K-orbit space of the flag manifolds F (1, n −
1,Cn) = X2n−11,1 is of this form.
Consider the varietyW 2n. Using results of [14] we may obtain the Chow quotient
of W 2n from that of Q2n. In Section 3.2 we prove the following:
Lemma 1.6. The Chow quotient pair of W 2n by its T ′-action is (Pn−1, B1/2).
Note there is a natural Sn+1-action on X
2n−1
α,β permuting the indices of variables.
Additionally, by results of [15], the Sn+1-action on Q
2n permuting the Zi induces
an action on W 2n. These actions descend to the Sn+1-action on P
n−1 permuting
the hyperplanes Hi.
We are now in a situation where we may be able to apply Theorem 1.3. For
n = 3 we are able to provide the following lower bound on the global log canonical
threshold of the pair (P2, Bγ), by considering degenerations under a C
∗-action.
Lemma 1.7. Consider a log pair (P2, Bγ), where Bγ = γ
∑
iHi. We then have:
glctS4(P
2, Bγ) ≥


∞, for γ ≥ 34 ;
2(1−γ)
3−4γ , for
3
4 ≥ γ ≥
1
2 ;
1
3−4γ for
1
2 ≥ γ.
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2. Preliminaries
2.1. Chow and GIT quotients. Here we recall the definition of GIT, Chow,
and limit quotients of a projective variety by a reductive algebraic group G. We
also explain how, when G is a torus, they may be explicitely calculated via the
Kempf-Ness theorem.
2.1.1. GIT quotients. Recall the basic setup of Mumford’s geometric invariant the-
ory, which provides a method for finding geometric quotients on open subsets of a
scheme X when the acting algebraic group G is reductive. A good reference for the
material here is [16]. In [16] Mumford introduced the notion of a good categorical
quotient, which can be shown to be unique if it exists.
Definition 2.1. A surjective G-equivariant morphism pi : X → Y is a good cate-
gorical quotient if the following hold:
(i) We have OY = (pi∗OX)G;
(ii) if V is a closed G-invariant subset of X then pi(V ) is closed;
(iii) if V,W are closed G-invariant subsets of X and V ∩W = ∅ then we have
pi(V ) ∩ pi(W ) = ∅.
Good quotients do not always exist for a given scheme X , but we might hope
that there exists some dense open subset of X which does admit a good quotient.
Consider the affine case, where X = SpecA. For G reductive then it can be shown
that X G := SpecAG is a good categorical quotient.
The same ansatz works in the projective case once we make a choice of a lift of
the action to the ring of sections of a given ample line bundle. This choice is known
as a linearization of the group action.
Definition 2.2. Let X be a projective scheme together with an action λ : G×X →
X of a reductive algebraic group G. A linearization of the action λ on L is an action
λ˜ on L such that:
• The projection pi is G-equivariant, pi ◦ λ˜ = λ ◦ pi
• For g ∈ G and x ∈ X , the induced map Lx 7→ Lg·x is linear.
Note a linearization to L naturally induces linearizations to L∨ and L⊗r for
r ∈ N.
Example 2.3. A linearization of the trivial bundle on a projective variety X must
be of the form:
g · (x, z) = (g · x, χ(x, z)z),
for some χ ∈ H0(G×X,O∗G×X)
∼= H0(G,O∗G) = X(G).
The above example tells us that any two linearizations λ1, λ2 of an action to
the same line bundle differ by multiplication by some character χ of G: fiberwise
we have λ˜1 = χ(x, z)λ˜2. A linearization u of a group action G on X to L induces
an action of G on the ring of sections R(X,L) :=
⊕
j≥0H
0(X,L⊗j). Consider
the scheme X u G := ProjR(X,L)
G. Note we have a birational map from X
to X u G, defined precisely at those x ∈ X such that there exists some m > 0
and s ∈ R(X,L)Gm such that s(x) 6= 0. Such a point is said to be semi-stable. If
in addition G · x is closed and the stabilizer Gx is of dimension zero, the point x
is said to be stable. The set of semi-stable and stable points will be denoted by
Xss(u) and Xs(u) respectively.
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Construction 2.4 ( [16, Chapter 1, Section 4]). The canonical morphismXss(u)→
X u G := ProjR(X,L)
G is a good categorical quotient.
2.1.2. Chow and limit quotients. Recall the definition of the Chow quotient, as
introduced in [11]. IfG is any connected linear algebraic group andX is a projective
G-variety, then orbit closures of points are generically of the same dimension and
degree, and so define points in the corresponding Chow variety. The Chow quotient
of the G-action on X is the closure of this set of points.
We now recall the definition of the limit quotient, from [16]. The limit quotient is
discussed in detail in [12]. Let G be a reductive algebraic group, and X a projective
G-variety. Suppose there are finitely many sets of semi-stable points X1, . . . , Xr
arising from G-linearized ample line bundles on X . Whenever Xi ⊆ Xj holds, there
is a dominant projective morphism Xi  G → Xj  G which turns the set of GIT
quotients into an inverse system. The associated inverse limit Y admits a canonical
morphism
⋂r
i=1Xi → Y . The closure of the image of this morphism is the limit
quotient.
When G is an algebraic torus there are indeed finitely many semi-stable loci.
Moreover, by [12, Corollary 2.7], we may calculate the limit quotient by taking the
inverse limit of the subsystem obtained by only considering linearizations of powers
of one fixed ample line bundle L. In [12, Proposition 2.5] it is shown that the Chow
quotient and limit quotient coincide when G is an algebraic torus.
2.1.3. Kempf-Ness approach to GIT quotients. One approach to calculating GIT
quotients is via the Kempf-Ness theorem. Let X ⊆ PN be a nonsingular complex
projective variety and let G be reductive algebraic group acting effectively on PN ,
restricting to an action on X . Let K be the maximal compact subgroup in G, with
Lie algebra k. The action of G is given by a representation ρ : G→ GL(N +1), and
by choosing appropriate coordinates we may assume K maps to U(N + 1) and so
preserves the Fubini-Study form. It can be checked that a moment map µ : X → k∗
is given by:
(2) µ([x]) · a :=
xtρ∗(a)xˆ
|x|2
,
where x is any representative of [x] ∈ X ⊆ PN . Note we are now in the situation
of the previous subsection, with L = OX(1) under the embedding X ⊆ PN . This
moment map is unique up to translations in k∗. A different choice of linearization
in this setting corresponds to multiplying ρ by some character χ ∈ X(G).
Since χ(K) is compact it sits inside S1 ⊂ C∗, and hence we do not need to change
coordinates when considering the effect on the moment map. When we plug this into
(2) we see that we have translated the moment map by χ ∈ X(G)⊗R ∼= k∗. Moreover,
taking the rth power of L corresponds to scaling the moment map by a factor of
r. This gives a correspondence between rational elements χ ∈ X(G) ⊗ Q ⊂ k∗ and
linearizations of powers of L.
Example 2.5. Suppose G = T is an algebraic torus with character and cocharacter
lattices M,N respectively. Then ρ is a diagonal matrix of characters u0, . . . , uN
and we obtain:
µ([x]) =
∑N
j=0 |xi|
2ui
|x|2
∈M.
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Then, by Atiyah, [17], and Guillemin-Sternberg, [18], the image of µ is a convex
polytope P ⊂M .
We will make use of the following theorem of Kempf and Ness. A proof is given
in [16, Chapter 8]. See also the original work [19].
Theorem 2.6 ( [19, Theorem 8.3]). Let X ⊆ PN be a nonsingular complex projec-
tive variety and let G be reductive algebraic group acting effectively on PN , restrict-
ing to an action on X. Consider a linearization of some power of L corresponding
to a rational element u ∈ k∗.
(i) Xss(u) = {x ∈ X |Gx ∩ µ−1(u) 6= ∅}.
(ii) The inclusion of µ−1(u) into Xss(u) induces a homeomorphism
µ−1(u)/K → X u G,
where µ−1(u)/K is endowed with the quotient topology induced from the
classical (closed submanifold topology) on µ−1(u), and X u G is endowed
with its classical (complex manifold) topology
We can use Theorem 2.6 to calculate GIT quotients by inspection. To be ex-
plicit, suppose µ−1(u)/K has the structure of a complex projective variety and
q : Xss(u)→ µ−1(u)/K is a G-invariant morphism which restricts to the topologi-
cal quotient map on the moment fibre, such that q∗OGX = OY . The following fact
is probably well known, but we prove it here for the reader’s convenience.
Lemma 2.7. The morphism q is a good categorical quotient and hence is isomor-
phic to the GIT quotient map X → X u G.
Proof. It is enough to show that q sends closed G-invariant subsets to closed subsets,
and disjoint pairs of closed invariant subsets to disjoint pairs of closed subsets.
Firstly suppose that V is a G-invariant Zariski-closed subset of X . Then q(V ) =
q(V ∩µ−1(u)), and V ∩µ−1(u) is K-invariant and closed in the classical topology of
µ−1(u). This implies that q(V ) is closed in the classical topology on µ−1(u)/K ≃
X u G. But q(V ) is constructable, as the image of a Zariski-closed subset of X ,
and so we may conclude that q(V ) is Zariski-closed in µ−1(u)/K ≃ X u G.
Now suppose V,W are G-invariant and Zariski-closed in X , with x ∈ V and
y ∈ W such that q(x) = q(y). By 2.6 we may take x′ ∈ Gx ∩ µ−1(u), y′ ∈
Gy ∩ µ−1(u) such that q(x′) = q(y′). These two points lie in the same K-orbit. By
the G-invariance of V,W we have V ∩W 6= ∅. 
2.2. Log canonical thresholds.
Here we recall the definition of the global log canonical threshold of of a log
pair, which features in Theorem 1.3 and Lemma 1.7. A log pair (Y,D) consists
of a normal variety Y and a Q-divisor D, where the coefficients of the irreducible
components of D lie in [0, 1]. The canonical divisor of such a pair is KY +D. A
pair (Y,D) is called smooth if Y is smooth and D is a simple normal crossings
divisor. A log resolution of a log pair (Y,D) is a birational map pi : Y˜ → Y such
that (Y˜ , ϕ∗D) is smooth.
Definition 2.8. Suppose pi : Y˜ → Y is a log resolution of a pair (Y,D). Write
D =
∑
aiDi for prime Di and rational ai. Then:
pi∗(KY +D)−KY˜ ∼Q
∑
i
aiD˜i +
∑
j
bjEj ,
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where D˜i is the proper transform of Di and the Ej are the pi-exceptional divisors.
We say (Y,D) is log canonical at P ∈ Y if we have ai ≤ 1 for P ∈ Di, and bj ≤ 1 for
Ej such that pi(Ej) = P . This condition is independent of the choice of resolution.
If (Y,D) is log canonical at all P ∈ Y then we say (Y,D) is (globally) log canonical.
Example 2.9. Consider the pair Y = P2 and D =
∑
aiLi where Li are all lines
through a point P ∈ Y . Blowing up at P we obtain the following:
pi∗(KY +D)−KY˜ ∼Q (degD − 1)E +
∑
aiL˜i,
where E is the exceptional divisor of the blow-up. Therefore (Y,D) is log-canonical
whenever we have degD ≤ 2 and all ai ≤ 1.
Recall the following consequence of the main theorem of [20], as stated in the
proof of [9, Lemma 5.1]. This allows us to degenerate a pair under a C∗-action if
we want to show it is log canonical.
Proposition 2.10. Let (Y,D) be a log pair. Suppose {Dt|t ∈ C} is a family of
Q-divisors such that Dt ∼Q D, D1 = D, and for t 6= 0 there exists φt ∈ Aut(X)
such that Dt = φt(D). Then (Y,D) is log canonical if (Y,D0) is.
Now we recall the definition of the global log canonical threshold of a pair, as
given in [13].
Definition 2.11. The global G-equivariant log canonical threshold of a log pair
(Y,B) is defined to be
glctG(Y,B) := sup{λ|(Y,B + λD) log canonical ∀D ∈ | −KX −B|
G
Q}.
When B is trivial we will suppress it in our notation, writing glctG(X) for the
G-equivariant log canonical threshold of a normal variety X .
In Demailley’s appendix of [9] it is shown that glctG(X) = αG(X) for G ⊆
Aut(X) a finite subgroup. The same proof may be easily extended to our setting,
where G is the semidirect product of a torus T and a finite subgroup H of the
normalizer of T in Aut(X). We outline one way of doing this in the following
lemma.
Lemma 2.12. Suppose that X is a T -variety and H is a finite subgroup of the
normalizer NAut(X)(T ). Then glctHT (X) = αHT (X).
Proof. One may define the log canonical threshold of a linear system |Σ| ⊂ |mL|
for any line bundle L on X , see remarks succeeding [9, Definition A.2]. Note, by
definition, if D ∈ |Σ| then lct( 1mD) ≤ lct(
1
m |Σ|) with equality when Σ is one-
dimensional. As stated in [9, (A.1)] we have:
αHT (L) = inf
m∈Z>0
inf
|Σ|⊂|mL|
|Σ| is HT−invariant
lct(
1
m
|Σ|.)
Clearly we have the inequality:
αHT (L) ≤ inf
m∈Z>0
inf
D∈|mL|HT
lct(
1
m
D).
Now suppose |Σ| ⊂ |mL| is a HT -invariant linear system. Take D ∈ |Σ|. We may
repeatedly degenerate D along C∗-actions to obtain D′ ∈ |mL|T , with lct( 1mD
′) ≤
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lct( 1mD) ≤ lct(
1
m |Σ|) by Proposition 2.10. Let r = |H |. Since H normalizes T , we
may take D′′ :=
∑
h∈H h ·D
′, and then:
lct(
1
mr
D′′) ≤ lct(
1
mr
|rΣ|) = lct(
1
m
|Σ|).
Then we have:
αHT (L) = inf
m∈Z>0
inf
D∈|mL|HT
lct(
1
m
D).
In particular when L = −KX the left hand side is equal to glctHT (X). 
3. Examples
3.1. Bidegree (α, β) hypersurfaces X2n−1α,β .
Recall the setup mentioned briefly in the introduction. Fix natural numbers
n, α, β > 0, and consider:
X = X2n−1α,β := V
(
n∑
i=0
xαi y
β
i
)
⊆ Pn × Pn.
Let a = α/d, b = β/d, where d = gcd(α, β) and let T be the n-torus acting with
weights (0|bIn|0| − aIn). Let K denote the maximal compact torus in T . First
we calculate our GIT and Chow quotients, proving Theorem ??. Let L be the
restriction of O(1, 1) to X . Using (2) we can explicitely give a moment map for the
torus action:
([x], [y]) 7→
∑
|xiyj |2(bei − aej)∑
|xiyj|2
.
Where we take e0 := 0. The moment image polytope P is the convex hull of the
vectors {bei − aej}i,j. Consider a boundary point u ∈ ∂P . In this case we show
that the moment fibre of u is contained in one T -orbit, and so the GIT quotient is
just contraction to a point. The key observation here is the following:
Lemma 3.1. Suppose µ([x], [y]) = µ([x′], [y′]) and for each j we have
xjyj = x
′
jy
′
j = 0.
Then for each j we have xi = 0 ⇐⇒ x′i = 0 and yi = 0 ⇐⇒ y′i = 0.
Proof. Suppose first i > 0. We have:
A
n∑
j=0
|xiyj|
2 −B
n∑
j=0
|xjyi|
2 = C
n∑
j=0
|x′iy
′
j |
2 −D
n∑
j=0
|x′jy
′
i|
2.
For positive constants A,B,C,D. The conclusion follows by considering signs. Sup-
pose now i = 0. By applying the affine linear functional l(w) := w · (
∑
ej)− (b− a)
to µ(x, y) = µ(x′, y′) we obtain:
E
n∑
j=1
|xjy0|
2 − F
n∑
j=0
|x0yj |
2 = G
n∑
j=1
|x′jy
′
0|
2 −H
n∑
j=0
|x′0y
′
j|
2.
For positive constants E,F,G,H . Again by signs we obtain the result. 
Lemma 3.2. For u ∈ ∂P the moment fibre µ−1(u) is contained in one T -orbit.
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Proof. Suppose µ([x], [y]) = µ([x′], [y′]) ∈ ∂P . Since (β − α)ei ∈ P ◦ then xiyi =
x′iy
′
i = 0 for each i > 0. By the defining equation of X then also x0y0 = x0y0 = 0.
Applying Lemma 3.1 we are done. 
Now consider moment fibres of points in the interior of P . We calculate the
associated GIT quotient by selecting an appropriate rational map, as in Lemma 2.7.
Lemma 3.3. For u ∈ P ◦ the topological quotient µ−1(u)→ µ−1(u)/K is:
µ−1(u)→ Pn−1; ([x], [y]) 7→ (xa1y
b
1 : · · · : x
a
ny
b
n).
Proof. The map is clearly K-invariant. If (x, y), (x′, y′) ∈ µ−1(u) Then for any
representatives x, y, x′, y′ we have:
(xa1y
b
1 : · · · : x
a
ny
b
n) = (x
′
1
a
y′1
b
: · · · : x′n
a
y′n
b
).
Fix a representative x of [x]. Pick a representative y of [y] such that |x||y| = 1.
For any representatives x′, y′ of [x′], [y′] respectively, there is λ ∈ C∗ such that
xai y
b
i = λx
′
i
a
y′i
b
for i > 0. Now, by Lemma 3.1 we may pick a representative x′
such that x0 = x
′
0. Pick a representative y
′ such that λ = 1. 1 By the defining
equation of X then xα0 y
β
0 = x
′
0
α
y′0
β
. Applying Lemma 3.1 we have ν ∈ C∗ such
that y0 = νy
′
0. As x0 = x
′
0 then ν ∈ S
1, and we may rescale y′ by 1/ν so that
y′0 = y0.
If xiyi = 0 then by Lemma 3.1 we can pick t ∈ C∗ such that xi = tβx′i, yi = t
−αx′i.
Suppose now xiyi 6= 0. Then xi, yi, x′i, y
′
i 6= 0. Pick t such that t
a = y′i/yi. Now
xai = t
abx′i
a
. Hence there exists some ath root of unity, say ξ, such that xi = ξt
bx′i.
Since a, b are coprime we may pick another ath root of unity γ such that γb = ξ.
Picking s such that sd = γt we obtain xi = s
βx′i and yi = s
−αy′i. We then have
([x], [y]) ∈ T · ([x′], [y′]) ∩ µ−1(u) = S · ([x′], [y′]).
Thus we have described a closed map with fibres precisely the S-orbits of µ−1(u).
This must be the topological quotient of the S-action. 
By Lemma 2.7, we see for any u ∈ P ◦ the GIT quotient, according to the
associated linearization of L, is given by:
([x], [y]) 7→ (xa1y
b
1 : · · · : x
a
ny
b
n).
By Lemma 2.7 this implies the Chow quotient is given by the same formula. We
may now calculate the boundary divisor of this quotient, completing the proof of
Lemma 1.4.
Proof of Lemma 1.4. From the above discussion we know the Chow quotient map
is given by:
X → Pn−1; ([x], [y]) 7→ (xa1y
b
1 : · · · : x
a
ny
b
n).
Suppose that Z is a prime divisor on the quotient, and D is a component of q−1(Z).
If D intersects the open set where xi, yi 6= 0, then tai = t
b
i = 1 for any t in the
generic stabilizer of D. As a, b are coprime this would imply ti = 1. Suppose D is a
component of q−1(Z) for some Z not of the form Hj . Then for each i, D intersects
the open set where xi, yi 6= 0, so D has trivial generic stabilizer.
1Note that rescaling our chosen y′ by an element of S1 does not change anything here.
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Now consider the prime divisor Hj on the quotient, for some fixed j. The
irreducible components of q−1(Hi) are given by the homogeneous ideals (x
a
j ), (y
b
j).
The generic stabilizer of the first is a cyclic group of order a, generated by the
element t ∈ T with ti = 1 for i 6= j and tj a primitive ath root of unity. By
symmetry the generic stabilizer of the second is a cyclic group of order b. This
gives the required boundary divisor. 
Proof of Corollary 1.5. By Lemma 3.2 and Lemma 3.3 we see that the T -action on
X2n−1α,β has almost trivial variation of GIT, as defined in [13, Definition 2.7], with
Y = Pn−1. The result follows by [13, Proposition 2.9]. 
3.2. Wonderful compactification of the quadric W . In this section we con-
struct a wonderful compactification of an arrangement on an even dimensional
quadric. We show that this compactification is Fano and we calculate the Chow
quotient pair with respect to an induced torus action. First recall the notion of
wonderful compactifications of arrangements of subvarieties, as introduced in [15].
Definition 3.4. Let X be a nonsingular algebraic variety. An arrangement of
subvarieties ofX is a finite collection S of subvarieties closed under pairwise scheme-
theoretic intersection. A building set of S is a subset G ⊂ S such that for any
S ∈ S\G the minimal elements of {G ∈ G|G ⊃ S} intersect transversally and the
intersection is S. We will say that S is built by G if G is a building set for S.
We will use the following result:
Theorem 3.5 ( [15, Theorem 1.3]). Let X be a nonsingular projective variety, and
V1, . . . , Vk a collection of subvarieties such any non-empty subset of {V1, . . . , Vk}
forms a building set for an arrangement of subvarieties. Consider the iterated
blowup:
W := BlV˜k BlV˜k−1 . . .BlV˜2 BlV1 X.
Then:
• each blowup is along a nonsingular variety;
• W is isomorphic to the blowup along the ideal I1I2 · · · Ik, where Ii is the
homogeneous ideal corresponding to Vi for each i.
Following [15], we will call W the wonderful compactification of the arrange-
ment built by V1, . . . , Vk. Note that the composition of blowups pi : W → X is
independent of the ordering of the Vi.
We now turn to our particular example mentioned in the introduction. Let W
be the wonderful compactification of the arrangement of subvarieties of Q built by
Z0, . . . , Zn, where Zi := V (x2i, x2i+1) ⊆ Q. We have the following:
Lemma 3.6. W is Fano.
Proof. By adjunction it is enough to show that −KB −W is ample, where B is
the wonderful compactification of the arrangement of subvarieties of P2n+1 built by
V0, . . . , Vn, where Vi := V (x2i, x2i+1) ⊆ P2n+1.
For each i pick σi ∈ Sn such that σi(1) = i. Each σi corresponds to a sequence
of blowups whose composition is independent of i, as in Theorem 3.5. Denote by
ψi : BlVi P
2n+1 → P2n+1 the first blowup of this sequence, and pii : B → BlVi the
composition of the remaining blowups, so that the wonderful compactification is
given by the composition pii ◦ ψi. Denote the exceptional divisor of ψi by Ei.
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Consider the divisor Di := ψ
∗
iO(1) − Ei on BlVi P
2n+1. Note that Di is nef,
since for any curve C in BlVi P
2n+1 we may pick a hyperplane H ⊂ P2n+1 such that
C 6⊂ H˜ but Zi ⊂ H˜ , whereupon (pi∗O(1)− Ei) · C = H˜ · C ≥ 0. Now
−KB −W ∼
n∑
i=0
pi∗iDi + (pi0 ◦ ψ0)
∗O(n).
The divisors (pi ◦ ψ)∗O(1), pi∗0D0, . . . , pi
∗
n−1Dn form a basis of the Picard group of
W . Therefore they span a full dimensional subcone of the nef cone of B. Now
−KB −W is on the interior of this cone, and so is ample. 
By construction there is a natural morphism pi :W → Q which is a composition
of blowups, each centered at a smooth subvariety by Theorem 3.5. Fix the line
bundle L = O(1)|Q on Q. Recall that there is an n-torus T acting on Q prescribed
by deg x2i = ei+1, deg x2i+1 = −ei+1. This torus action may be extended to W .
These torus actions are not effective, but we may quotient by the global stabilizer, a
cyclic group of order two generated by −Id = (−1, . . . ,−1) ∈ T , to obtain the action
of an effective torus T ′ on Q and W . Quotienting does not affect the calculation of
GIT quotients. In [13] the GIT quotients q : Q → Q  T ′ were determined. They
are either trivial contractions to a point, or of the following form:
(3) Q→ Pn−1; [x] 7→ (x1x2 : · · · : x2n−1x2n).
The Chow quotient is also then given by (3). Following [14], there is an ample
line bundle L˜ on W such that any linearization of L˜ is a lift of a linearization
of L. Moreover, given a linearization, it can be shown that W ss ⊂ pi−1(Xss).
By [14, Lemma 3.11] the GIT quotients of W given by a linearization of L˜ are
precisely the restrictions of compositions q ◦ pi, where q is the GIT quotient map
for Q given by the corresponding linearization of L.
We can conclude that the Chow quotient is the restriction of a composition of
the blowup map pi followed by the map (3). We now calculate the boundary divisor
of this quotient, proving Lemma 1.6:
Proof of Lemma 1.6. Recall the definition of the boundary divisor in the Chow
quotient pair, see (1). From the formula (3) it is easy to calculate that the boundary
divisor of the Chow quotient pair of Q is trivial. Therefore the only chance for
mZ > 1 occurs at the exceptional loci of blowups. If we construct W with the
following sequence of blowups
W = BlZ˜n . . .BlZ˜1 BlZ0 Q.
The exceptional divisor of the composition of blowup maps is of the form En−1 +
· · ·+E0, where Ei is the exceptional divisor of the (i+1)th blowup in the sequence.
By symmetry it is enough to calculate the generic stabilizer of E0. Consider BlZ0 Q,
realized as a subvariety of Q×P1, given by the additional equation vx0−ux1, where
u, v are the homogeneous variables in the second factor.
There is an induced T -action on BlZ0 , under which the equation vx0−ux1 must
be homogeneous with respect to the induced grading of the character lattice of T .
This implies that deg u = deg v + 2e1, and we see that the generic stabilizer of the
T ′ = T/〈±Id〉-action on the exceptional divisor must be a cyclic group of order 2,
generated by the element (−1, 1, . . . , 1) + 〈±Id〉. 
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4. Threshold Bounds and new Ka¨hler-Einstein metrics
Let Y = P2 with projective coordinates x1, x2, x3 and consider the boundary
divisor Bγ := γ
∑3
i=0Hi, where H1, H2, H3 are the coordinate hyperplanes, and
H0 = V (
∑
i xi). Consider the subgroup G
∼= S4 of Aut(Y ) permuting the hyper-
planes H0, . . . , H3. First we prove Lemma 1.7:
Proof of Lemma 1.7.
To show glctG(Y,Bγ) ≥ λ it is sufficient to show that Bγ + λD is log canonical
for any D ∈ | −KY − Bγ |GQ . Fix such a D and take P ∈ Y . At most two of the
Hi pass through P , so without loss of generality suppose H0, H3 do not. Modify
Bγ + λD by removing any components supported at H0, H3, to obtain a divisor
D′. Note Bγ + λD is log canonical at P if D
′ is globally log canonical. Note also
that although D′ may not be G-invariant, it is still invariant under the involution
σ swapping x1 and x2. Finally note D
′ ≥ γH1 + γH2.
Consider the C∗-action t · [x1 : x2 : x3] = [tx1 : tx2 : x3]. By 2.10, D′ is log
canonical if D′0 := limt→0 (t ·D
′) is log canonical. This C∗-action commutes with
σ, and so D′0 is invariant under σ. Moreover is is clear that each component of D
′
0
must be a line through the point [0, 0, 1]. By σ-invariance D′0 must be of the form:
D′0 = γ(H1 +H2) + aV (x1 + x2) + bV (x1 − x2) +
∑
i
ci(Li + σLi),
where a + b +
∑
i 2ci ≤ 2γ + 3λ − 4γλ. This is a divisor of the form described in
Example 2.9. It is therefore log canonical if the following inequalities hold:
2γ + 3λ− 4γλ < 2;
3γ − 4γλ ≤ 1.
Basic manipulation of inequalities gives our bounds on the global threshold. 
Proof of Theorems 1.1 and 1.2. If X is X51,2 or W
6 then X has Chow quotient
(P2, B1/2), and applying Theorem 1.3 and Lemma 1.7 we see that αS4(X) ≥ 1. By
Tian’s criterion then X admits an invariant Ka¨hler-Einstein metric. Similarly the
Chow quotient of X51,3 is (P
2, B2/3), and we see αS4(X
5
1,3) ≥ 2, so X
5
1,3 is also
Ka¨hler-Einstein. 
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